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Finite Element Method for Incompressible Viscous Flows with
Adaptive Hybrid Grids
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University of Texas at Austin, Austin, Texas 78712

A new adaptive finite element numerical method has been developed for the unsteady Navier-Stokes equations
of incompressible flow in two dimensions. The momentum equations combined with a pressure correction equa-
tion are solved employing a nonstaggered grid. The solution is advanced in time with an explicit/implicit march-
ing scheme. An adaptive algorithm has been implemented, which refines the grid locally to resolve detected flow
features. A combination of quadrilateral as well as triangular cells provides a stable and accurate numerical
treatment of grid interfaces that are located within regions of high gradients. Applications of the developed adap-
tive algorithm include both steady and unsteady flows, with low and high Reynolds numbers. Comparisons with
analytical as well as experimental data evaluate accuracy and robustness of the method.

I. Introduction

INCOMPRESSIBLE flows are frequently encountered in engi-
neering applications. During the past two decades a significant

number of numerical algorithms have been developed for solution
of the incompressible Navier-Stokes equations.1 liie lack of pres-
sure term in the continuity equation makes solution of the momen-
tum equations with the divergence-free constraint more difficult. In
the case of incompressible flows, the conservation of mass acts as a
constraint condition that the velocity field must satisfy, whereas in
compressible flows, the conservation of mass is given through a
partial differential equation for the temporal variation of density.
The infinite speed of sound in the incompressible case requires an
implicit treatment of the pressure. Furthermore, spatial discretiza-
tion for pressure and velocity may produce oscillatory solutions.

One approach followed is to formulate the equations in terms of
a stream function and a vorticity. Extension of this method to three
dimensions is not possible. Different formulations have been used
in three dimensions, such as the vorticity-velocity approach.
Another approach is to use the compressible flow equations and
solve them for low Mach numbers. The required time step for such
computations is very small because the speed of sound approaches
infinity at the incompressible limit. A method that uses compress-
ible-like governing equations is the artificial compressibility
approach.2"^ A time derivative of the pressure is added to the con-
tinuity equation, and the incompressible flowfield is treated as
compressible during the transient stage. Time accuracy of the sim-
ulation is usually not preserved.

Another class of algorithms uses a special Poisson equation for
the pressure field.5"8 The usual computational procedure is to
assume an initial pressure field, and then an iterative process is
defined until the continuity equation is satisfied. A major issue of
the corresponding pressure and velocity spatial discretization is
oscillations in the pressure field. To reject these modes, staggered
grids have been employed by several of these algorithms.9'10 On
the other hand, employment of nonstaggered grids11"13 requires
dissipation in the algorithms. Stability of both approaches with
high-Reynolds-number flows is an important issue. A review of
numerical methods for incompressible flows, as well as references
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of previous work, are given in Ref. 1. Furthermore, extensive liter-
ature on finite element methods is given in Ref. 14.

Resolution of the computational mesh plays a crucial role in
accuracy of computations. However, generation of a grid that both
fits the flow geometry and resolves the local flow features is quite
difficult and even impossible in some cases. In general, the selec-
tion of the grid that is to be used in a numerical simulation is deter-
mined a priori before starting the solution procedure, and quite
often the grid is modified by the user to improve the results. Adap-
tive grid algorithms are flexible enough to adjust the grid during
the solution procedure without intervention by the user. Fre-
quently, the regions that require high resolution are very small
compared with the size of the overall computational domain. Local
grid embedding consists of division of cells to reduce the trunca-
tion error and to have a more equal distribution of it throughout the
solution domain. Quadrilateral meshes have been employed for
inviscid compressible flows15'16 as well as for turbulent compress-
ible flows.17'18

One of the most serious problems with using quadrilaterals has
been the presence of grid-interfaces, which require special numeri-
cal treatment,19 which can be quite complicated. Triangular
meshes have also been employed with grid embedding for com-
pressible flows.16'20 An attractive feature of unstructured grids is
their ability to eliminate grid interfaces. The flow solver requires
no further modifications when employing such an adapted grid.
However, quadrilaterals are more suitable for solving boundary
layers, which require very thin grid cells because of the strong
directional gradients. Finally, staggered grids have been quite pop-
ular with incompressible flow solvers, but they greatly complicate
the treatment of grid interfaces when local embedding is used.

In the present work, an adaptive finite element numerical
scheme has been developed for the unsteady Navier-Stokes equa-
tions of incompressible flow in two dimensions. A combination of
quadrilateral as well as triangular cells provides flexibility in form-
ing the adaptive grids. Thin quadrilateral elements resolve bound-
ary layers, while triangles eliminate special interface (hanging)
nodes. The border regions between the two types of elements are
placed within regions of high flow gradients to test stability and
accuracy of the developed formulation. Comparisons with the
results obtained with equivalent globally fine grids that contain no
interfaces are also employed. The momentum equations combined
with a pressure correction equation are solved employing a non-
staggered grid where all of the dependent variables are defined at
the cell corners. The solution is advanced in time with an explicit/
implicit marching scheme. An adaptive algorithm has been imple-
mented, which refines the grid locally to resolve detected flow fea-
tures. Employment of a nonstaggered grid facilitates application of
adaptive gridding. Applications of the developed adaptive algo-
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rithm include both steady and unsteady flow, as well as flow of
high Reynolds number.

In the following, the pressure correction formulation and the
finite element discretization are presented. Next, the adaptive
hybrid-grid algorithm is described. Finally, steady as well as
unsteady flow simulations are presented, and comparisons with
analytical and experimental data are performed.

II. Governing Equations and Pressure Correction
Formulation

The governing equations are the following nondimensionalized
continuity and Navier-Stokes equations of incompressible flow:

V-u = 0 (1)

(2)

An explicit/implicit marching scheme is adopted for integration
in time of the previous equations. The velocity values are treated
explicitly, whereas the pressure values are treated implicitly in the
momentum equations.1 The velocity values are marched in time
with a forward Euler scheme.5 The continuity equation is formu-
lated implicitly with the velocity values considered at time level
(n + 1). Specifically, the corresponding semidiscrete system is
written as follows:

v + I )
(3)

where the superscripts denote the time levels. The previous equa-
tion cannot be solved directly due to the implicit treatment of the
pressure term. An auxiliary velocity vector u' is introduced, which
satisfies the following equation:

. (5)

In this equation, the pressure term is treated explicitly and u' can
be obtained directly. However, the solution u' does not satisfy the
continuity equation. Subtracting Eq. (5) from Eq. (4), one obtains:

(6)

The previous solution procedure follows the explicit/implicit
marching scheme in Ref. 8. The overall solution procedure corre-
sponding to marching by one time step is summarized as follows:

1) Calculate the auxiliary velocity vector H' from Eq. (5) using
u(n) and p(n) values.

2) Solve Eq. (9) and obtain the (|> values.
3) Calculate u(n +1) and p(n +1} using Eqs. (10) and (11).
4) If V- M ( " + I ) < 8 where 8 is the tolerance for divergence,

advance to the next time step. If not, consider w(n+1) as u' and
repeat steps 2 and 3.

III. Finite Element Discretization
Both momentum and pressure correction equations are dis-

cretized using the Galerkin finite element approach on a nonstag-
gered grid. The scheme is compact with all operations being
restricted to within each grid cell. Linear triangles and bilinear iso-
parametric quadrilateral elements are employed.10

A. Momentum Equations
The momentum equation [Eq. (5)] can be written as

(12)

where the subscripts , x, 9 y , ,xx, and ,yy denote the operations for
partial differentiation.

For quadrilaterals, the values of w, v, and p are defined in each
element using the following finite element formulation:

H = p = iPi (13)

where uit vz-, and pt are nodal values of u, v, and p, and Nt is the
interpolating shape function associated with the /th node. In the
present method, w, v, andp are defined at cell vertices.

Substituting Eq. (13) into Eq. (12), integrating over each ele-
ment domain Q using the Galerkin method, and then considering
the Gauss theorem and boundary conditions, we can get the fol-
lowing equations for each element10:

Introducing a scalar potential (|>, such that

the following equation for pressure can be obtained:

(7)

(8)

Finally, taking the divergence of each side of Eq. (7) and consider-
ing the continuity equation [Eq. (3)], the following pressure cor-
rection Poisson equation is obtained:

A<|> = V • u' (9)

In this equation, the values of ty on the left-hand side are treated
implicitly, which requires inversion of a matrix. Using the $ values
obtained by the previous equation, we can correct the velocity and
pressure fields using Eqs. (7) and (8) as follows:

(n+ 1)" , r-7 ,= u -vc|> (10)

(H)

Re

M,v;=M,v<n)-
(14)

^")vj")+4[vj")vj") + pf']}

..Re "

where

= Nflj dbc dy

ff d N j d N . d N j d N ;
Da= {-5-L^J + ̂ r~^J JJa^ dx dx dv dv
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Initial Mesh Adapted Hybrid
Elements

Fig. 1 Elimination of interface nodes by employing triangular ele-
ments.

We can construct the following global matrix by assembling the
element matrix obtained in Eq. (14):

MM' = Mu(n)-AtFu

Mv' = Afv ( n )-AfF,
(15)

where

= [v1? v2, v3,

F =

where the summation is all of the elements. The consistent mass
matrix M is used. Therefore, u' and V are obtained as follows:

u(n)-&tM~lFu

(16)
V =

B. Pressure Correction Equation
The Poisson equation for pressure correction is solved with the

finite element approach. The same type of bilinear quadrilateral
element is used as for the momentum equations. The values of w, v,
and <|> are defined in each element using the same expression as in
Eq. (13). In the present method, M, v, and <|> are defined at cell
nodes. Integrating Eq. (9) over each element domain Q using the
Galerkin method, one obtains the following equation:

JJ # , (*. „ + *§ „) dx dy = JJ tf , («;, + v;) d* dy (17)

Applying Gauss's theorem, we can get the following element
matrix system:

(18)
where

aw;

We can construct the following global matrix system by assem-
bling the element matrix obtained in Eq. (18):

(19)
where

The values for <|> on the left-hand side of Eq. (19) are treated
implicitly, which requires solution of a system. The matrix that
requires inversion is a symmetric linear matrix. The system is
solved by the incomplete Cholesky conjugate gradient (ICCG)
iterative method.21 The rate of convergence of the iterative process
depends on the numbering of nodes. To accelerate convergence,
the elements of the matrix are renumbered using the reverse
Cuthill-Mckee (RCM) method.21 Finally, the velocity and pressure
values are obtained by integrating Eqs. (10) and (11).

C. Artificial Dissipation
Central space differencing schemes are susceptible to oscilla-

tory modes in the velocity field of high-Reynolds-number flows.
Furthermore, odd-even decoupling of the solution may appear in
the pressure field for this nonstaggered type of mesh that is
employed.

In the present work, a fourth-order smoothing term is added
explicitly to the momentum equations to suppress odd-even decou-
pling of the velocity solution.22 Furthermore, fourth-order dissipa-
tion is added to the pressure correction equation to stabilize the
solution and suppress oscillations in the pressure field.

The smoothing operator is cast in a form suitable for adaptive
unstructured grids. All operations are split in such a way that no
information is required from outside of each cell. Each grid node
receives contributions from each one of its surrounding cells. The
operator is formed in two steps. The second-order difference oper-
ator is formed in the first step. The second-order distributions to
cell corners (J) for the momentum equations are as follows:

(20)

The second step duplicates the first, replacing state variables by
second-order differences from the first step. The fourth-order
smoothing distributions are

(21)

Fig. 2 Two-level adapted grid for Blasius boundary layer with Re •
103,1530 points (initial grid has 11 X 19 points).



1620 KALLINDERIS AND NAKAJIMA: FINITE ELEMENT ADAPTIVE HYBRID GRIDS

It should be noted that similar edge-based operations of Eqs. (20)
and (21) are applied to triangular meshes as well.

The fourth-order difference terms of u and v are multiplied by
empirical coefficients O4(«) and G4(v). A large value of <J4 stabi-
lizes the solution but destroys the accuracy. Therefore, special care
is required for choosing the value of G4. Numerical experiments
have been carried out to determine optimum values for the
smoothing coefficient. The determined values are such that the
solution accuracy is not affected, whereas the odd-even modes are
suppressed.23

Similarly, fourth-order difference terms of pressure are added to
the right-hand side of the Poisson equation [Eq. (19)] as follows:

D3>=f+d (22)

where

Generally, the value of (J4(p) is different from G4(u) and (J4(v). In
the present work, the values of <J4(«) and G4(v) are the same,
whereas the value of G4(p) is different.

D. Time Step Calculation
Using central space and forward time differencing, the stability

limitation for the model one-dimensional convection equation ut +
cuy = 0 is (cAr/Av) < 1 [Courant-Friedrichs-Lewy (CFL) limita-
tion], whereas the corresponding stability restriction for the one-
dimensional model diffusion equation ut = vuyy is (vA//A;y2) < 1/2.

In the present scheme, a combination of the two limitations is
employed. Specifically,

Af = oominin j—;—LM +
Am A/

(v/ocAm)' |v|+ (v/ocA/)J (23)

where Am and A/ are the cell dimensions in the m and / local cell
directions, u and v are the corresponding velocity components, v is
the kinematic viscosity coefficient, and a = 1/2 is the diffusion sta-
bility limitation. Lastly, co is a safety factor and equal to 0.9.

E. Boundary Conditions
Four types of conditions have been applied for the cases consid-

ered in the present work. Those are 1) wall, 2) far field, 3) inflow,
and 4) outflow. They are applied to the two velocity components,
as well as to the pressure corrections.

Specification of pressure, such as in the outflow boundary, is
applied through specification of the pressure corrections $ using
Eq. (8) p(n +1} -/?(rt) = (l/Af)(|>. The <|> values are simply set to zero.

X 10-2

4 . 0 0
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1.00 1.10 1.20 1.30 1.40 1.50 1.60 1.70 1.80 1.90 2.00

X

Fig. 3 Comparison of skin-friction distributions for Blasius bound-
ary layer with Re = 103: — , twice globally adapted grid; —, two-level
adapted grid; and o, Blasius.

Fig. 4 Velocity contours for Blasius boundary layer with Re - 103,
with a two-level adapted grid (the + symbols indicate interface modes).

In this way, the pressure values are the initially prescribed ones.
Similarly, specification of velocity, such as in the inflow and wall,
is applied by using Eq. (10) w(n + 1) = uf - V<|) by setting V(j) = 0.
The velocity values are the initial values.

At a wall, the u and v components of velocity are set to zero.The
value of 3(|)/3n is also set to zero. At a far field, the velocity com-
ponents are set equal to the freestream values, whereas the pres-
sure corrections are set to zero.

At an inflow boundary, the u and v components of velocity are
specified and 3(|)/3n is set to zero. At an outflow boundary, the
velocity gradients in the normal direction to the boundary are set to
zero. The pressure corrections are set to zero.

IV. Adaptive Hybrid Grids
The objective of adaptive grid refinement is to adjust the grid

scale in regions where extra resolution is needed. The algorithm
detects important flow features, such as boundary layers and vorti-
ces. Then the cells are divided into smaller children cells. Points
are inserted in the middle of the quadrilateral edges.

The resulting embedded grids are topologically similar to the
initial grid and so maintain its geometric properties (e.g., stretch-
ing, orthogonality) but are not necessarily aligned to the initial grid
as the embedded meshes follow the features. The process can be
repeated any number of times and results in finer and finer local
embedded grids until a region is adequately resolved.14

The locations of such features are not known a priori, and they
have to be detected. A feature detector senses the flow features that
are present in different regions and guides the adaptive algorithm
to embed these regions if the existing grid spacing in such regions
is not sufficient for resolving the local flow variations.

Local embedding implies two important consequences for any
basic solver that is used. First, the mesh now becomes unstruc-
tured, and the usual ij indexing can no longer be used. A system is
required to keep track of all of the required information for each
cell (pointer system). Second, there is an implied communication
between the grids. The borders between grids of different refine-
ment levels (interfaces) must receive special attention. Employ-
ment of nonstaggered grids simplifies treatment of grid interfaces.

A. Flow Feature Detection
The feature detector uses velocity differences and velocity gra-

dients across the grid cells for sensing the flow features.17 Thresh-
old values for the refinement are set based on the distribution of
the detection parameters over the cells of the domain. The average
Save and the standard deviation Ssd are employed to calculate a
threshold Sth as follows:

(24)
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where S is the detection parameter. The average and the standard
deviation are defined as

AL
(25)

(26)

The value of the parameter a is chosen empirically, with a typical
value of the parameter being 0.3. The cells that have a detection
parameter value greater than the threshold value are flagged to be
refined. The value is such that excessive refinement is avoided,
whereas all of the essential flow features are captured.17 Large val-
ues of oc may result in inadequate refinement of the regions of the
flow features, whereas very small values may result in excessive
refinement. Details of this method are given in Ref. 17.

B. Treatment of Grid Interfaces
Embedding of quadrilateral cells introduces internal boundaries

between cells with different refinement levels. Grid interfaces are
characterized by an abrupt change in cell size. Following division
of a portion of the grid cells, the resulting grid contains a number
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Fig. 7 Comparison of skin-friction distributions for Blasius bound-
ary layer with Re = 103. Interfaces are located inside of the boundary
layer; —, one-level adapted grid and o, Blasius.
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Fig. 5 Maximum residual history for Blasius boundary layer with Re
= 103: —, twice globally adapted grid and —, two-level adapted grid.

Fig. 6 One-level adapted grid for Blasius boundary layer with Re =
103. Interfaces are located inside of the boundary layer (initial grid has
21 X 37 points).

of cells that are left with mid-edge nodes on some of their four
edges due to refinement of the neighboring cells. These interface
cells constitute the border between the divided and the undivided
cells. Employment of an accurate and stable numerical treatment
of interfaces is one of the major issues of adaptive-grid algo-
rithms.19'24'25

Numerical schemes employ normal quadrilateral cells with four
corner nodes, and significant changes are necessary for the scheme
to be applied to interface cells with additional mid-edge nodes.19

This is not desired, as then the adaptive algorithm becomes depen-
dent on the specific numerical scheme that is employed.

Another important issue is maintaining conservation across in-
terfaces. The fluxes across the boundaries surrounding an interface
cell should cancel one another for the scheme to be conservative.

C. Hybrid grid
The existence of hanging nodes at the grid interfaces leads to

relatively complicated numerical treatments that have accuracy
problems.19 In the present work the approach is to eliminate these
hanging nodes and to treat the interface cells using the same inte-
gration method as for the rest of the grid cells.

A simple method for eliminating the interface nodes has been
developed in the present work. The method divides the interface
coarse cells, such as those illustrated in Fig. 1, into smaller trian-
gles. These triangles have as their vertices both the corners of the
original interface cell as well as the mid-edge nodes. In this way,
the mid-edge points are eliminated, and the grid becomes continu-
ous. No additional points are inserted. Following adaptation of the
quadrilaterals, the triangles are created. The triangles correspond-
ing to previous adaptations, which require refinement, are deleted,
and corresponding quadrilaterals are refined. The solver is general
to handle both types of elements, namely, quadrilaterals and trian-
gles. The mass and momentum fluxes are conserved across the
edges of all cells. A linear triangular element is introduced to inte-
grate over the triangle region. Fourth-order difference smoothing
is also introduced into both momentum and pressure correction
equations for the triangular elements.

V. Validation Test Cases
Two flow geometries are employed to provide an assessment of

accuracy and robustness of the developed solver with adaptive
hybrid grids: flat plate and cylinders. All of the computations were
performed on an IBM RS/6000 workstation. The CPU time is 1.2
X 1(T4 s/cell/step.
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Fig. 8 One-level adapted grid for Blasius boundary layer with Re =
104; 1960 nodes, 1863 quadrilaterals, and 62 triangles (initial grid has
21 X 37 points).

fied at the inlet (x = 1.0) to avoid the leading-edge singularity. The
computational domain is considered from x = 1.0 to 2.0. On the
flat plate, wall boundary conditions are applied. At the x = 1.0 and
y = ?max boundaries, outlet boundary conditions are applied, and
the pressure p is assumed to be constant due to the Blasius assump-
tion.

Low Re
The first case is a Blasius boundary layer with an inlet Reynolds

number of 103 (Rex=lQ = U^- 1/v = 10 ). An initial coarse
grid of 11 X 19 points is employed. The smallest grid normal spac-
ing at the wall is 0.016. It is adapted twice as shown in Fig. 2. The
grid is hybrid, consisting of both quadrilateral and triangular ele-
ments. This grid consists of 1530 nodes, 1443 quadrilaterals, and
124 triangles. The same initial grid of 11 X 19 points is globally
refined twice. This grid has the same resolution at the wall as the
finest embedded grid of Fig. 2, but it contains no interfaces. This
twice globally refined grid has 2993 nodes and 2880 quadrilater-
als.

Figure 3 shows computed and analytical skin-friction distribu-
tions at the wall of the Blasius solution, the result with the twice
globally refined mesh with no interfaces, and the two-level
adapted mesh.The agreement is very good. Figure 4 shows the
velocity contours with the location of grid interfaces. There are no
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Fig. 9 Comparison of skin-friction distributions for Blasius bound-
ary layer with Re = 104: — , once-globally adapted grid; - -, one-level
adapted grid; and o, Blasius.

A typical number of iterations required by the ICCG method for
the Poisson equation is 3, whereas 10 iterations are typically re-
quired for convergence of the $ values. The convergence criterion
for the pressure corrections is V- u < 10~ • U/L where U and L are
representative velocity and length.

The convergence criterion for the momentum equations is Rmax
< 10~6 where /?max is the maximum change in time [u(n +1} - u(n) ] of
u velocity. In steady-state cases, the problems are considered as
unsteady, and calculations are carried out until the convergence
criterion for the momentum equations is satisfied.

The value of the smoothing coefficients for the momentum and
Poisson equations [c4(u) and O4(/?)] are 10"4 and 10~3, respec-
tively. A range of values were tested. The chosen values are the
largest values that do not affect accuracy of the solution.

A. Flat Plate Boundary Layer
Blasius boundary layers26 are computed for a flat plate for dif-

ferent values of the Reynolds number. A Blasius profile is speci-
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Fig. 10 Comparison of skin-friction distributions for Blasius bound-
ary layer with Re = 106: —, numerical result and o, Blasius.
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Time
Fig. 11 Maximum residual history for Blasius boundary layer
Re = 106.

with
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spurious contours observed at the interface regions, where the flow
should be uniform. Figure 5 presents the maximum residual histo-
ries of the calculation using the twice globally refined grid and the
two-level adapted grid. The two convergence histories have simi-
lar slopes. The residual corresponding to the two-level adapted
grid is higher, since the size of the cells is larger in the initial
coarse grid. The initial grid is adapted at time = 1.50 and 2.50.

An initial coarse grid of 21 X 37 points is adapted once as
shown in Fig. 6. In this case, interfaces are set inside the boundary
layer. Figure 7 shows computed and analytical skin-friction distri-
butions at the wall between the Blasius solution and the result with
the one-level adapted mesh. The agreement appears to be very
good in both cases.

Medium Re
The second case is a Blasius boundary layer with an inlet Rey-

nolds number of 104. An initial grid of 21 X 37 points is em-
ployed. The smallest grid normal spacing at the wall is 0.0025. It is

Fig. 12 One-level adapted grid for cylinder flow with Re = 40 (initial
grid has 35 X 36 points).

60.0 90.0 120.

theta
150.

Fig. 14 Comparison of pressure coefficient distributions for cylinder
flow with Re = 40: — , numerical result with fine mesh; —, adapted
mesh; o, experimental result (Re = 36); and A, experimental result (Re
= 45).
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Fig. 15 Crossflow force coefficient (CL) history —cylinder flow with
Re = 1.62 X 104.

Fig. 12 One-level adapted grid for cylinder flow with Re = 40 (initial
grid has 35 X 36 points).

adapted once as shown in Fig. 8. The grid is hybrid, consisting of
both quadrilateral and triangular elements. The same initial grid is
globally adapted once. Figure 9 shows good comparison of the
skin-friction distributions at the wall computed with the once glo-
bally adapted grid and the one-level adapted grid.

High Re
The third case is a Blasius boundary layer with an inlet Rey-

nolds number of 106. Actually, the flow over a flat plate becomes
turbulent if Re is larger than 3.0 X 105. The purpose of this laminar
case is to test stability of the present scheme with high Reynolds
numbers. A fine grid of 41 X 73 points is employed. The smallest
grid spacing at the wall is 1.26 X 10"4.

Figure 10 shows good comparison of computed skin-friction
distribution at the wall with that from the analytical Blasius solu-
tion. Robustness of the solver is examined in Fig. 11, which illus-
trates the convergence history. The solution converges to machine
accuracy for this high-Reynolds-number case.

B. Cylinder in Crossflow
Flow around circular cylinders is of significant engineering

interest. Steady as well as unsteady laminar flow is computed for
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Fig. 16 Stages of vortex shedding (vorticity contours)—cylinder flow
with Re = 1.62 X 104 (t = 230, 235, and 240).

different Reynolds numbers. The boundary layer on the surface
separates, forming vortices. These vortices are stationary for low
Reynolds numbers (up to Re = 40) and are convected downstream,
forming a characteristic wake for higher Reynolds numbers. The
pressure and velocity fields are computed and compared with
experimental results. Furthermore, the unsteady forces on the cyl-
inder for the cases of vortex shedding are monitored. The fre-
quency of the regular oscillation /, when nondimensionalized by
the diameter D of the cylinder and the freestream velocity [/, is
called the Strouhal number:

St = fD/Ux (27)

The Strouhal number is roughly 0.20 over a wide range of Rey-
nolds numbers.27 This Strouhal number of the shedding is com-
pared with experiments.

Steady Flow of Re = 40
The first case is a steady cylinder flow with a Reynolds number

of 40. A fine grid of 52 X 72 points is employed. The smallest
grid normal spacing at the wall is 0.04, and a constant grid stretch-
ing factor of 1.10 is employed in the normal to the surface direc-
tion. The far-field boundary is placed 15 diameters away from the
cylinder.

An initial coarse grid of 35 X 36 points is adapted once as
shown in Fig. 12. The grid is hybrid, consisting of both quadrilat-
eral and triangular elements. The flowfield features two large vor-
tices located symmetrically downstream of the cylinder (Fig. 13).

The calculated CD (drag coefficient) is 1.50, and this is within
the range of the experimental results presented in Ref. 28, which
range between 1.40 and 1.70. Figure 14 shows good comparison of
computed pressure coefficient distribution on the cylinder between
the numerical results for the fine and adapted grids and the experi-
mental results.29

Unsteady Flow of Re = 1.6 X104

A fine grid of 111 X 144 points is employed. The smallest grid
normal spacing at the wall is 2.00 X 10~3, and a constant grid
stretching factor of 1.10 is employed in the normal to the surface
direction. The far-field boundary is placed 15 diam away from the
cylinder.

Figure 15 shows the history of the CL (crossflow force coeffi-
cient). The Strouhal number is 0.21 in this case, which coincides
with the experimental value.27 The value of / in Eq. (27) is
obtained from the average period of the CL history. Figure 16
shows the different stages of vortex formation and shedding. Vor-
tices are formed alternatively on both the upper and lower parts of
the cylinder surface. Then they are convected downstream, while
interacting with each other.

VI. Concluding Remarks
The developed finite element, explicit/implicit marching

scheme for the unsteady two-dimensional Navier-Stokes equations
of incompressible fluid flow yielded stable and accurate results for
the test cases considered. The nonstaggered grid that was em-
ployed made the method suitable for an adaptive algorithm, which
employed locally embedded meshes.

A combination of quadrilateral as well as triangular cells pro-
vided flexibility in forming the adaptive grids. The numerical
treatment of grid interfaces with employment of triangular ele-
ments proved to be stable, even in cases in which the interfaces
were located within the boundary-layer regions. Comparisons with
equivalent globally fine grids that contain no interfaces provided
an evaluation of accuracy.

Applications of the developed adaptive algorithm included both
steady and unsteady flows. Comparisons with analytical and
experimental results provided further evaluation of accuracy and
robustness of the developed adaptive method.
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